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INTRODUCTION 



The subject to be discussed in this book is the coUision and interaction of 
gravitational and electromagnetic waves. This is a particularly important 
topic in general relativity since the theory predicts that there will be a 
non-linear interaction between such waves. The effect of the non-linearity, 
however, is unclear. It is appropriate therefore to look in some detail at 
the simplest possible situation in which the effect of the non-linearity will 
be manifest: namely the interaction between colliding plane waves. 

1.1 Why consider wave interactions? 

In classical theory. Maxwell's equations are linear. An immediate conse- 
quence of this is that solutions can be simply superposed. This leads to the 
prediction that electromagnetic waves pass through each other without 
any interaction. This prediction is very thoroughly confirmed by observa- 
tions. Radio waves are transmitted at many different frequencies, yet it is 
possible for a receiver to select any one particular station and to receive 
that signal almost exactly as it was transmitted. The only interference 
that is detected arises from other transmitters using the same frequency, 
and from the difficulty of isolating just one frequency within the receiver. 

After many years' experience, no interaction has ever been detected 
between propagating electromagnetic waves. This applies not just to radio 
waves, but to all types of electromagnetic radiation, including light. That 
we can see clearly through a vacuum, even though light is also passing 
through it in other directions undetected, is one of the best established 
of scientific observations. More remarkably, this applies not just to local 
phenomena, but to the vast regions of space. The light that reaches us 
from distant galaxies arrives without any apparent interaction with the 
light that must have crossed its path during the millions of years that 
it takes to reach us. The apparent linearity of the field equations for 
electromagnetic waves is thus one of the best established scientific facts. 

However, this is not the entire story. Einstein's equations which 
describe gravitational fields are highly non- linear. It follows that gravi- 
tational waves, if they exist, cannot pass through each other without a 
significant interaction. In this book we will be using the standard gen- 
eral theory of relativity. In this theory gravitational waves are predicted, 
though their magnitudes are so small that the possibility of detecting them 



1 



2 Introduction 



is only just coming within the scope of the most sophisticated modern ap- 
paratus. The purpose of this book is to contribute to an understanding 
of the character of the interaction that is theoretically predicted between 
gravitational waves. 

In Einstein's theory, gravitational waves are considered as perturba- 
tions of space-time curvature that propagate with the speed of light. As 
these waves pass through each other, theoretically there will be a non- 
linear interaction through the gravitational field equations. It will be 
necessary to consider the general character of these interactions, and how 
the propagating waves are modified by them. 

Consider again electromagnetic waves. According to Einstein's the- 
ory, all forms of energy have an associated gravitational field. Electro- 
magnetic waves must therefore be coupled to an associated perturba- 
tion in the space-time curvature. In the full Einstein-Maxwell theory. 
Maxwell's equations describing the electromagnetic field remain linear, in- 
dicating that there is no direct electromagnetic interaction between waves. 
However, Einstein's equations, which apply to the gravitational field, are 
highly non- linear. Thus, as two electromagnetic waves pass through each 
other, there will be a non-linear interaction between them due to their 
associated gravitational fields. 

This non-linear interaction between electromagnetic waves that is 
predicted by Einstein's theory must necessarily be very small in order 
to be consistent with the fact that such interactions have not yet been 
detected. An interaction, however, is predicted, though its magnitude is 
likely to be similar to that between gravitational waves. 

Since the interactions we will be considering are so weak, it may be 
considered appropriate initially to use approximation techniques. A num- 
ber of authors have considered this approach. The modern techniques of 
numerical relativity have also produced some interesting results. However, 
these approaches will not be used in this book. The method adopted here 
will be to concentrate on exact solutions of the Einstein-Maxwell field 
equations. This has the advantage of being able to clarify something of 
the global structure of wave interactions. This turns out to be one of 
their most remarkable features. It leaves us, however, with the problem 
of finding exact solutions, and these are only possible in a very limited 
number of situations. 

1.2 Simplifying assumptions 

The problem that is to be considered in this book is the interaction be- 
tween two waves. A simple case in which the waves propagate in the same 
direction has been analysed by Bonnor (1969) and Aichelburg (1971). 
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They have found that, for the class of vacuum pp-waves that will be 
defined in Section 4.1, the waves can be simply superposed without in- 
teraction because of the linearity of the field equations when written in a 
certain privileged class of coordinate system. 

It is therefore appropriate to concentrate on the general case in which 
the waves propagate in arbitrary different directions. In this case it is 
always possible to make a Lorentz transformation to a frame of reference 
in which the waves approach each other from exactly opposite spatial 
directions. It is therefore only necessary to consider the 'head on' collision 
between the two waves. However, even this situation is too difficult to 
analyse without some further simplifying assumptions. 

In order to obtain exact solutions, it is appropriate initially to make 
the additional assumption that the approaching waves have plane sym- 
metry. This is a very severe restriction indeed, even though we intu- 
itively think of plane fronted waves as approximations to spherical waves 
at large distances from their sources. However, the two cases must be 
distinguished as their global features are totally different. 

The waves we will be considering not only have a plane wave front, 
but also have infinite extent in all directions in the plane. In contrast, 
waves generated by finite sources must have curved wave fronts, but it is 
very difficult to set up boundary conditions and field equations for the 
interactions between such waves. The reason for concentrating on plane 
waves is that in this case it is possible to formulate the problem explicitly 
and to find exact solutions. 

In addition to the assumption that the wave front is plane, the impo- 
sition of plane symmetry also requires that the magnitude of the wave is 
constant over the entire plane. Further, it is appropriate to concentrate 
on 'head on' collisions and thus to impose the condition of global plane 
symmetry. It is always possible to make a Lorentz transformation to in- 
clude oblique collisions but the physical interpretation of the solutions is 
now severely restricted by the above assumptions. 

The situation being considered in this book is thus the very restric- 
tive one in which two waves, each with plane symmetry, approach each 
other from exactly opposite directions. A topic of further research will 
be to consider how to apply the qualitative results obtained here to more 
realistic situations, involving waves originating in physical sources. In the 
absence of more realistic exact solutions, however, the solutions described 
here form an important first step in an understanding of the non-linear 
interaction that occurs between waves in Einstein's theory. 



